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We have investigated shear viscosity of quark matter in presence of a strong uniform magnetic
field background where Nambu-Jona-Lasinio model has been considered to describe the magneto-
thermodynamical properties of the medium. In presence of magnetic field, shear viscosity coefficient
gets split into different components because of anisotropy in tangential stress of the fluid. Four
different components can be merged to two components in limit of strong field, where collisional
width of quark becomes much lower than its synchrotron frequency. A simplified contact diagram of
quark-quark interaction can estimate a small collisional width, where strong field limit expressions
are exactly applicable. Although, for RHIC or LHC matter, one can expect a large thermal width,
for which generalized four components viscosities are necessary. We have explored these all different
possible cases in the thermodynamical framework of Nambu-Jona-Lasinio model.
PACS numbers:
I. INTRODUCTION
One of the major update in the research of heavy
ion collision (HIC) experiments like RHIC and LHC is
that the produced medium behaves like a nearly perfect
fluid [1], with smallest shear viscosity to entropy den-
sity ratio (η/s), ever observed in nature. On the other
hand, recent progress in the HIC research have specu-
lated that the produced medium may also be subjected
to a strong magnetic field [2] in the non-central heavy-
ion collisions. The possible space-time dependence of this
produced magnetic field has been investigated in Refs. [3–
7]. A considerable amount of research work has already
been performed in understanding the influence of the
magnetic field on the QCD phase diagram. See, for exam-
ple, the review article [8] for recent updates. The mod-
ification of the QCD phase diagram in presence of mag-
netic field is directly related to the corresponding change
in the quark condensate and its enhancement with mag-
netic field is known as magnetic catalysis (MC) which is
quite expected feature in vacuum as well as at finite tem-
perature [9–14]. However, recent calculations, based on
lattice quantum chromodynamics (LQCD) [15, 16] have
found inverse magnetic catalysis, whose possibility is also
indicated by some effective QCD model calculations [17–
20]. The modifications pertaining to the QCD phase di-
agram may also have some impact in the transport prop-
erties of the medium produced in HIC. In presence of
magnetic field, different transport coefficients like shear
viscosity [22–29], bulk viscosity [27–29, 31, 32] and elec-
trical conductivity [33–40] of quark matter are calculated
in recent times. The simulation of magnetohydrodynam-
ics [41, 42] as well as the transport simulation for an
external magnetic field [43] may require these tempera-
ture and magnetic field dependent transport coefficients
for their future up-gradation.
Among the different transport coefficients, only the
shear viscosity is our matter of interest in the present
work, where two flavor Nambu-Jona-Lasinio (NJL)
model has been used as a dynamical framework. Among
the earlier calculations of shear viscosity for magnetized
matter [22–30], we find that Refs. [22–25] have not ex-
plored its component decomposition, which is explicitly
analyzed in Refs. [26–30]. This component decomposi-
tion of shear viscosity due to anisotropy, created by ex-
ternal magnetic field or other sources, is well studied in
the direction of gauge gravity duality (See [44, 45] and
references therein).
We have first followed the strong field limit expression,
obtained in Refs. [26, 49], where four components of shear
viscosity merge to two main components, as also found
in gauge gravity dual theory [44, 45]. One is normal-
type shear viscosity and another is Hall-type component.
Normal component depends on both collisional and syn-
chrotron frequencies, but Hall component depends com-
pletely on synchrotron frequency in the strong field limit.
However, below that strong field limit, both the com-
ponents can depend on both frequencies. We have also
studied on general structure of four different components
in the moderate field zone, which is expected in RHIC or
LHC experiments.
The article is organized as follows. In Sec. (II), the
background formalism of NJL model is addressed. Next
Sec.(III) cover the formalism of shear viscosity for the
case of strong magnetic field in subsection.(III A) and
then its corresponding numerical outcome in subsec-
tion.(III B). Realizing strong field limit can not be ap-
plicable for RHIC or LHC matter, which should have
small collisional relaxation time, we have gone through
strong field case to general case, whose modified formal-
ism and corresponding numerical outcome is discussed in
Sec. (IVA) and (IVB) respectively. At the end, inves-
2tigations of all these different possible cases are summa-
rized in Sec. (V).
II. NJL MODEL IN PRESENCE OF MAGNETIC
FIELD
We shall consider here, two flavor (u, d quarks)
NJL model with a determinant interaction with the La-
grangian density given as [12, 46]
L = ψ¯(iD/−m)ψ
+G
3∑
a=0
[
(ψ¯τaψ)2 + (ψ¯iγ5τ
aψ)2
]
+K
[
detf ψ¯(1 + γ5)ψ + detf ψ¯(1− γ5)ψ
]
, (1)
where ψ = (u, d)T is the doublet of quarks, m =
(mu, md) is the current quark mass with mu = md.
The first term is basically the Dirac Lagrangian in pres-
ence of an external magnetic field, which we assume to
be constant and in the direction of z-axis. For calcu-
lational purpose, we shall further choose the gauge such
that the corresponding electromagnetic potential is given
by Aµ(x) = (0, 0, Bx, 0). The second line is attractive
part of the quark anti-quark channel of the Fiertz trans-
formed color current-current interaction. The third line
is the ’t-Hooft determinant interaction in the flavor space
that describes the effects of instantons and is flavor mix-
ing. τa, a = 0 · · · 3 are the U(2) generators in the flavor
space. In the absence of magnetic field the interaction
is invariant under SU(2)L × SU(2)R × UV (1). The sec-
ond term has an additional U(1)A symmetry while the
t-Hooft term does not have this symmetry and reflects
the U(1)A anomaly of QCD.
The thermodynamic potential corresponding to Eq.(1)
can be computed exactly in the same manner as was done
previously in Ref. [13], that was done for three flavors in
a variational method with an explicit structure for the
vacuum with quark anti-quark condensates. The ther-
modynamic potential is then given as
Ω =
∑
i
Ωi0 +
∑
i
Ωifield +
∑
i
Ωimed
+ 2G
∑
i
Iis
2
+ 2KIus I
d
s (2)
where, i is the flavor index. We might mention here that
the above thermodynamic potential can also be derived
in a mean field approximation [46]. The vacuum term for
i-th flavor Ωi0 is given as
Ωi0 = −
2Nc
(2π)3
∫
dp
√
p2 +M2i θ(Λ − |p|)
= −
Nc
8π2
[
Λ
√
Λ2 +M2i (2Λ
2 +M2i )
−M4i log
Λ +
√
Λ2 +M2i
Mi
]
, (3)
with, Λ as the three momentum cutoff associated with
the NJL model. The field contribution that arises from
the effect of magnetic field on the Dirac vacuum is given
by
Ωifield = −
Nc
2π2
∑
i
|qiB|
2
[
ζ′(−1, xi)
−
1
2
(x2i − xi) lnxi +
x2i
4
]
, (4)
where we have defined a dimension less quantity, xi =
M2i /2|qiB| , i.e. the mass parameter in units of magnetic
field and ζ′(−1, x) = dζ(z, x)/dz|z=1 is the derivative of
the Riemann-Hurwitz ζ function which is given by
ζ′(−1, x) =
lnx
2
[
x2 − x+
1
6
]
−
x2
4
+ x2
∫ ∞
0
2 tan−1 y + y ln(1 + y2)
e2pixy − 1
dy. (5)
Finally, the medium contribution Ωimed is given as
Ωimed =
−Nc
π2
nmax∑
n=0
αn|qiB|
β
∫
dpz log(1 + e
−βωi
n) (6)
with the single particle energy in presence of magnetic
field ωin =
√
p2z + 2n|qi|B +m
2. The condition of a sharp
three momentum cutoff translates to a finite number of
Landau level summation with nmax = Int[
Λ2
2|qi|B
] when
pz = 0. Further, for the medium contributions this also
leads to a cutoff for the |pz| as Λ
′ =
√
Λ2 − 2n|qi|B for
a given value of n.
Similarly, in Eq.(2), the quark condensate Iis =
−〈ψ¯iψi〉, can be separated into a zero field vacuum term,
a finite field dependent term and a medium dependent
term as
Iis ≡ −〈ψ¯
iψi〉 =
2Nc
(2π)3
∫
|p|<Λ
dp
M i√
p2 +M i
2
+
NcM
i|qiB|
(2π)2
[
xi(1− lnxi)
+ ln Γ(xi) +
1
2
ln
xi
2π
]
−
nmax∑
n=0
Nc|q
i|Bαn
(2π)2
∫
dpz
M i
ωni
1
1 + ǫ−βω
n
i
= Iisvac + I
i
sfield + I
i
smed. (7)
The zero field vacuum contribution, Iisvac, can be analyt-
ically calculated using a sharp momentum cutoff Λ and
can be written as
Iisvac =
NcM
i
s
2π2
[
Λ
√
Λ2 +M i
2
−M i
2
log
{
Λ +
√
Λ2 +M i
2
M i
}]
. (8)
3The constituent quark massM i satisfies the gap equa-
tion
Mi = mi + 4GI
i
s + 2K|ǫ
ij|Ijs . (9)
This completes the definitions of all the quantities which
are used to describe the thermodynamic potential in
Eq.(2).
For numerical evaluations we choose the parameters as
in Ref.[46] i.e. we write G = (1− α)G0 and K/2 = αG0.
The parameter α controls the strength of the instan-
ton interaction while the value of the quark conden-
sate is determined by the combination of parameters :
m = 6 MeV, the three momentum cut off Λ = 590
MeV and the dimensionless coupling G0Λ
2 = 2.435.
These values lead to pion mass in vacuum as 140.2 MeV,
pion decay constant of 92.6 MeV and quark condensate
〈u¯u〉 = 〈d¯d〉 = (−241.5MeV )3, all in reasonable agree-
ment with the experimental values. This also leads to a
vacuum constituent quark mass of 400 MeV. Further, in
all these calculations we have taken α = 0.15 as a rea-
sonable value interpolated from η − η′ splitting within
3-flavor NJL model [46].
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FIG. 1: T dependence of constituent quark masses (MQ) and
normalized entropy density (s/T 3) for different values of mag-
netic fields.
Fig. 1(a) shows the constituent quark mass as a func-
tion of temperature for different values of magnetic fields.
At eB = 0, masses of u and d quarks exactly coincide
(dotted line), while for non-zero eB, they split due to
different electrical charges of the two quark flavors and
their splitting increases with the magnetic field. Our re-
sults reveal the magnetic catalysis in entire temperature
range and therefore, transition temperature Tc increases
with B. Using thisMQ(T, eB), one can calculate entropy
density s with the help of a quasi-particle relation:
s =
Nc
π2T
∑
i=u,d
nmax∑
n=0
αn|qi|B
∫
dkz
[k2z
ωin
+ ωin
]
f0(ω
i
n) , (10)
where f0(ω
i
n) is Fermi-Dirac distribution function. The
temperature dependence of normalized entropy density
s/T 3 for eB = 0 (dotted line), 10m2pi (solid line) and
20m2pi (dash-dotted line) are shown in Fig. 1(b). We no-
tice that s decreases as eB increases in lower temperature
domain but all the curves are merged into its Stefan-
Boltzmann (SB) limit at high temperature region.
III. STRONG MAGNETIC FIELD CASE
A. Formalism of shear viscosity in presence of
strong magnetic field
Let us first take a brief recapitulation of relaxation
time approximation (RTA) technique to calculate shear
viscosity coefficients of a relativistic fluid in absence of
any magnetic field (i.e. B = 0), which is elaborately
given in Refs. [47, 48]. Then, we will come to its corre-
sponding formalism in presence of the strong magnetic
field, well described in Refs. [26, 49].
Total energy-momentum tensor of relativistic fluid,
T µν = T µν0 + T
µν
D contains ideal part T
µν
0 = −Pg
µν +
(P+ǫ)uµuν and dissipation part T µνD = ηU
µν (only shear
dissipation), where P , ǫ, uµ are respectively pressure,
energy density and four velocity of the fluid. The ten-
sor structure Uµν , linked with shear viscosity η, has a
form [48]:
Uµν = Dµuν +Dνuµ +
2
3
∆µν∂σu
σ with
Dµ = ∂µ − uµuσ∂σ, ∆
µν = uµuν − gµν . (11)
Now, in terms of four momentum kµ = (ω,k) and ther-
mal distribution function f0 = 1/{e
βω + 1} of quark at
temperature T = 1/β, one can express the total energy-
momentum tensor as
T µν =
∫
d3k
(2π)3
kµkν
ω
{f0 + φf0(1− f0)} , (12)
where, the second term in the curly bracket involving
the function φ describes the non-equilibrium part for
which one can construct the shear dissipative part T µνD
of the energy momentum tensor [48]. In terms of veloc-
ity gradient tensor Uµν , the function φ can be written
as φ = CkµkνU
µν . The unknown C can be obtained as
C = τcβ2ω by using the relativistic Boltzmann equation
(RBE), where τc is the relaxation time of the quark in
the medium. comparing the coefficients of Uµν from the
dissipative part of the energy-momentum tensor, we fi-
nally obtain the expression of shear viscosity coefficient
as
η =
gβ
15
∫
d3k
(2π)3
k4
ω2
τcf0(1 − f0) , (13)
where g = 2× 2× 2× 3 is an additional input that takes
care of the degeneracy factor for 2 flavor (isospin sym-
metric) quark matter.
4Now, let us discuss the shear viscosity of the medium in
presence of external magnetic field, which is decomposed
into five independent components. Therefore, the dissi-
pative part of energy-momentum tensor (in three vector
notation) is written as
Now, let us discuss the effect of external magnetic field
on the shear viscosity of the medium. In presence of
a constant background magnetic field, the medium can
possess five independent components of shear viscosity
and the dissipative part of the energy-momentum tensor
(in three vector notation) can be written as [26, 49]
T ijD =
4∑
n=0
ηnV
ij
n =
∫
d3k
(2π)3
kikj
ω
δf , (14)
where
δf = φf0(1− f0) =
4∑
n=0
Cnk
ikjV ijn f0(1− f0) (15)
and
φ =
4∑
n=0
Cnk
ikjV ijn (16)
is assumed in terms of same tensorial components V ijn .
Among these 5 components, 4 components (n = 1, .., 4)
will be our matter of interest as only these components
depend on magnetic field, while n = 0 component re-
main unaffected by magnetic field. This n = 0 viscosity
component can be compared with the electrical/thermal
conductivity along the direction of magnetic field, as dis-
cussed Refs. [36, 49], where they also remain undisturbed
by the external magnetic field. Hence, ignoring the η0 or
V ij0 component [26, 49], one can obtain four shear viscos-
ity coefficients as
ηi(n=1,2,3,4) =
2gi
15
∫
d3k
(2π)3
k4
ωi
Ci(n=1,2,3,4)f
i
0(1− f
i
0) ,
(17)
where the unknown Cin again will be determined with
the help of the RBE but in two step approximations.
Since the magnetic field will destroy the degeneracy of
u and d quark masses, therefore, energy ωi, distribution
function f i0 and C
i
n in Eq. (17) carry the flavor index i.
The gi = 2× 2× 3 is degeneracy factor of each flavor.
As a first approximation, the particle relaxation time
τc in the RBE is ignored by assuming that the deviation
from equilibrium due to the strong magnetic field is much
larger than that due to the particle collisions. Therefore,
we get a magnetic field induced relaxation time τ iB =
1/ωiB, where
ωiB = qiB/ω
i , (qi = +
2
3
e, −
1
3
e for i = u, d) (18)
is the synchrotron frequency of quark. So the strong field
limit will be established if we can show that τ ic >> τ
i
B.
As a first approximation of RBE [26, 49], we ignore τ ic
leading to the the coefficients Ci getting related to the
field induced relaxation time τB as
Ci1 = C
i
2 = 0 , and C
i
4 = 2C
i
3 =
τ iBβ
2ωi
. (19)
Now, in a second approximation, a collisional or thermal
width Γic = 1/τ
i
c , obeying the inequality Γ
i
c << ω
i
B or
τ ic >> τ
i
B , is considered which leads to the relation [26]:
Ci2 = 4C
i
1 =
Γic
ωiB
Ci4 =
Γic
2ωiB
Ci3 , (20)
with Ci4 = 2C
i
3 =
τ i
B
β
2ωi . Thus, in presence of constant
background magnetic field B, the expressions of the four
components of the shear viscosity for i = u/d quark are
ηi2 = 4η
i
1 =
giβ
15
∫
d3k
(2π)3
[f i0{1− f
i
0}]{(
Γic
ωiB
)(
1
ωiB
)}(
k2
ωi
)2
, (21)
and
ηi4 = 2η
i
3
=
giβ
15
∫
d3k
(2π)3
[f i0{1− f
i
0}]
{
1
ωiB
}(
k2
ωi
)2
. (22)
If we compare Eqs. (21), (22) with Eq. (13), then we can
get a physical interpretation of these shear viscosity com-
ponents. In the perpendicular plane to the external mag-
netic field, the momentum transfer due to shear stress is
independent of the particle collisions and will be propor-
tional to the field induced relaxation (τB = 1/ωB) which
is basically the inverse of the synchrotron frequency. In
other words, rotational motion of the charged particles
with corresponding synchrotron frequency provides the
required momentum transfer for generating shear stress
along the tangential directions, located in the perpen-
dicular plane with respect to the magnetic field. This
strength of shear stress, velocity gradient and its propor-
tional coefficients η3, η4 are completely originated due to
(strong) magnetic field background.
In other possible tangential directions, both the col-
lisional and rotational energies take part in momentum
transfer. Therefore, the fraction Γc/ωB is required for
fixing the proportional strength of viscosities η1 and η2.
The corresponding relaxation time for these components
becomes
[(
Γc
ωB
)
1
ωB
]−1
.
B. Results of strong field case
For the strong field limit to be valid τc should be
much largerr than τB = 1/ωB = ω
k
Q/eQB = {k
2 +
50.1
1
10
η/
s
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FIG. 2: (a) T dependence of η/s at eB = 0 (dotted line) and
η2/s (blue dash line), η4/s (pink solid line) at eB = 10m
2
pi . (b)
T dependence of τc at eB = 0 (dotted line) and eB = 10m
2
pi
(pink solid line).
m2Q}
1/2
/
eQB [26], which is the inverse of the syn-
chrotron frequency ωB. The assumption τc >> τB is the
basis of strong field case formalism, discussed in earlier
Sec. (III A). After calculating τc microscopically, one will
be able to know whether the value of τc satisfy τc >> τB
or strong field limit or not. Here, we will attempt to
obtain τc(T, eB) in a microscopic calculation. For this
purpose, let us start with B = 0 case with standard ex-
pression of collisional relaxation time τc or thermal width,
Γc(T,ka) =
1
τc
=
∑
b
∫
d3kb
(2π)3
σab(T,ka,kb)vab(T,ka,kb)fb(T,kb) ,
(23)
where
vab(T,ka,kb) =
{(ωa + ωb)
2 − 4M2Q(T )}
1/2(ωa + ωb)
2ωaωb
(24)
is relative velocity with ωa,b = {k
2
a,b +M
2
Q(T )}
1/2. To
map grossly the scattering strength of NJL dynamics,
let us calculate cross section σab from simple four quark
contact diagram, shown inside Fig. 2(b). To do it, we use
the standard quantum field theoretical relation of 2→ 2
scattering,
σab =
1
16πs
|M |2ab , (25)
where s = (ωa + ωb)
2 and
|M |2ab =
1
2× 2
G216
(s
2
)2
= G2s2 , s = (ωa + ωb)
2 . (26)
Hence, we get a temperature and momentum dependence
cross section σab(T,ka,kb) =
G2
16pi s(T,ka,kb).
By maintaining electric charge conservation, we will
get 12 possible 2→ 2 (ab→ a′b′) scattering processes :
uu¯→ uu¯, ud¯→ ud¯, uu¯→ dd¯, uu→ uu,
ud→ ud, u¯u¯→ u¯u¯, u¯d¯→ u¯d¯, dd¯→ dd¯,
dd¯→ uu¯, du¯→ du¯, dd→ dd, d¯d¯→ d¯d¯, (27)
So fixing any initial particle a as probe particle, we have
to take summation of b to calculate Γc(T,ka) Taking mo-
mentum average of probe particle, we get only T depen-
dent quark width,
Γc(T ) =
1
τc
=
∫
d3ka
(2pi)3Γ(T,ka)fa(T,ka)∫
d3ka
(2pi)3 fa(T,ka)
.
(28)
So we find that temperature dependent mainly coming
from thermodynamical phase space andMQ(T ). If we go
for simplified extension of finite magnetic field picture by
replacing MQ(T, eB) in Eq. (28), we can get Γc(T, eB).
Fig. 2(b) shows the τc(T, eB) at eB = 0 (black dotted
line), eB = 10m2pi (pink solid line).
Due to increase in the number density of the parti-
cles in the medium with temperature, the collisional fre-
quency increases and relaxation time decreases with T .
The eB dependence of τc enters via eB dependence of
constituent quark mass MQ(eB). Increasing function
MQ(eB) can suppress the number density, which make Γc
decrease and τc increase with eB. Being proportional to
the decreasing function τc(T ) for eB = 0, η/s decreases
with T .
Let us note that in the behaviour of η/s with temper-
ature arises from two competing quatities that depend
upon temperature. Due to thermodynamic phase space
factor, this ratio is an increasing function of tempearture
while the relaxation time decrease with temperature. For
constant relaxation time, due to thermal phase space fac-
tor, η/s increase with temperature. This can be easily
found out for mass less ideal gas behaviour of the ex-
pression for η/s. On the otherhand, for the decreasing
behaviour of temperature dependent τ , dominates over
the increasing behaviour arising from the thermal phase
space making the ratio decreasing with temperature, as
may be noticed in dotted line of Fig. 2(a).
Another noticeable thing is that for contact diagram
of 2 → 2 scattering processes, NJL model estimate is
rather large for τc, which is quite far from chiral KSS
line τc(T ) =
5
4piT , shown by red solid line in Fig. 2(b).
The chiral KSS line comes from the demand of ηs =
1
4pi for
massless particle. Therefore, in Fig. 2(a), black dotted
line is also quite far from red horizontal line, denoted
KSS value ηs =
1
4pi .
For this high value of τc, eB = 10m
2
pi can be considered
as strong field limit case because τB remain within the
6range 0.8-3 fm. So we can safely say that at eB = 10m2pi,
we can consider τc >> τB or strong field limit case [26].
It is interesting to notice in Eqs. (21) that the position
of τc for strong field case becomes inverse (η2 ∝ 1/τc),
therefore, η2/s becomes an increasing function of T , as
shown by pink solid line in Fig. 2(a). Hence, in strong
field limit, η1,2 ∝ 1/τc follow opposite trend with respect
without field case η ∝ τc. When we come to the Hall-type
viscosity η3,4 ∝ τB, which is appeared as dissipation-free
completely as it becomes independent of τc. η3,4 increases
with T because of its phase space part, which cane be
realized from η4/s curve (blue dash line) in Fig. 2(a).
Now, for simplest contact diagram calculation, we are
getting very large value of τc but it can not be expected
in RHIC or LHC matter, whose life time is approximately
10 fm. So, the strong field case can’t be applicable for
RHIC or LHC matter, whose τc is expected to be small,
at least smaller than 10 fm. We might find alternative
possible diagrams, which can provide small τc. Refs. [50–
54] have obtained very small τc, relevant to RHIC or LHC
matter through meson exchange type diagram, whose cal-
culation in presence of magnetic field is not at all very
straight forward. It might be considered as future chal-
lenging topics. Instead of calculating smaller τc(T ), we
can take it as parameter and examine the impact of its
smaller value. When we consider small value of τc (< 10
fm) at eB = 10m2pi, the inequality τc >> τB does not
hold. So instead of considering strong field limit, we
might have to find some general structure of ηn, which
has been attempted in next section.
IV. FROM STRONG FIELD TO MODERATE
FIELDS
A. Modified formalism of shear viscosity
In this section, we will attempt to find a guess general
structure of shear viscosities, which can be applicable for
any value of τB and τc.
We have found that the τc in Eq. (13) for B = 0 is
basically replaced by effective relaxation time τeff1,2 =
τ2
B
τc
for η1,2 and τ
eff
3,4 = τB for η3,4. Let us guess an ansatz of
effective relaxations:
τeff1 = τc
1
4{ 14 + (τc/τB)
2}
τeff2 = τc
1
{1 + (τc/τB)2}
τeff3 = τc
τc/τB
2{ 14 + (τc/τB)
2}
τeff4 = τc
τc/τB
{1 + (τc/τB)2}
(29)
which might be consider as their general structure, be-
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at eB = 10m2pi. (b) Corresponding viscosity to entropy den-
sity ratios.
cause in the limit of τc >> τB, we get
4τeff1 = τ
eff
2 =
τ2B
τc
2τeff3 = τ
eff
4 = τB . (30)
It means that we will get back Eqs. (21) and (22) for the
strong field limit (τc >> τB).
Using that general structure of relaxation (29) in
Eqs. (21) and (22) we will get general expressions of shear
viscosity components:
η1 =
gβ
15
∫
d3k
(2π)3
(
k2
ω
)2
τc
1
4{ 14 + (τc/τB)
2}
[f0{1− f0}] (31)
η2 =
gβ
15
∫
d3k
(2π)3
(
k2
ω
)2
τc
1
1 + (τc/τB)2
[f0{1− f0}] (32)
η3 =
gβ
15
∫
d3k
(2π)3
(
k2
ω
)2
τc
τc/τB
2{ 14 + (τc/τB)
2}
[f0{1− f0}] (33)
η4 =
gβ
15
∫
d3k
(2π)3
(
k2
ω
)2
τc
τc/τB
1 + (τc/τB)2
[f0{1− f0}] (34)
B. Modified results for moderate fields
Using Eqs. (31), (32), (33), (34), we have first plotted
η1,2,3,4 vs T in Fig. 3(a) and then their normalized values
η1,2,3,4/s in Fig. 3(b). Interesting point is that all com-
ponents of shear viscosity in presence of magnetic field
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FIG. 4: For τc = 1 fm, (a) 4η1, η2 from Eqs. (31), (32) re-
spectively and its strong field limit (where 4η1 = η2) from
Eq. (21). Similarly, for τc = 1 fm, (b) 2η3, η4 from Eqs. (33),
(34) respectively and its strong field limit (where 2η3 = η4)
from Eq. (22). (c) and (d) are same as (a) and (b) for τc = 20
fm.
is smaller than its isotropic value in absence of magnetic
field. In Fig. 3(b), we notice that KSS line is crossing
different curves at different temperature. Here, we find
that at fixed τc, perfect fluid nature will be developed
in quark matter at higher temperature for B 6= 0 with
respect to its B = 0 case. It reflects that for fixed in-
teraction, magnetic field push the system towards KSS
bound, while temperature kick away from the bound. To
zoom in the fact, we have plotted η1,2,3,4 vs eB/m
2
pi in
Fig. 4, where decreasing trend of η1,2 with magnetic field
is clearly observed. Magnetic field dependent of Hall-
type coefficients η3,4 behave little different because of its
anisotropic structure (τc/τB)1+(τc/τB)2 , which increases with B
for τc/τB < 1 but decreases with B for τc/τB > 1. There-
fore, we get increasing η3,4(B) for τc = 1 fm and decreas-
ing η3,4(B) for τc = 20 fm, as displayed in Fig. 4(b) and
(d).
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FIG. 5: τc dependence of η2/s from Eq. (32) (solid line) and
Eq. (21) (dotted line) at eB = 10m2pi, T = 0.150 GeV in the
range of (a) τc < 10 fm and (b) τc > 10 fm; and at T = 0.300
GeV in the range of (c) τc < 10 fm and (d) τc > 10 fm.
Straight horizontal red line denotes the KSS bound.
Another interesting point has also been shown in
Fig. 4. It is regarding the merging of general anisotropic
shear viscosity components with their strong field limit
estimation. At strong field limit, η2 = 4η1 and η4 = 2η3,
whose expressions are given in Eqs. (21), (22). These
strong field limit estimations of η2 = 4η1 and η4 = 2η3
curves are plotted by dotted line in Fig. 4(a) and (b)
respectively for τc = 1 fm. On the other hand, gen-
eral anisotropic components of shear viscosity can be ob-
tained from Eqs. (31), (32), (33), (34) and plotted 4η1
(red dash line), η2 (blue solid line), 2η3 (green dash line),
η4 (orange solid line) in Fig. 4(a) and (b) for τc = 1 fm.
We notice that these curves are not merging in any point
of B-axis up to eB = 15m2pi but when we use τc = 20 fm
in Figs. 4(c,d), they are merging after eB = 6m2pi. It tells
that strong field limit might be good approximation for
τc > 10 fm but for RHIC or LHC matter, whose τc < 10
fm, strong field limit expressions might not be considered
as a good approximated estimation. This picture will be
more clear in Fig. 5, which exposes the τc dependence
of η2/s from Eq. (32) (solid line) and Eq. (21) (dotted
line) at eB = 10m2pi, T = 0.150 GeV in the range of
(a) τc < 10 fm and (b) τc > 10 fm. Here, we find how
general η2/s is merging with its strong field limit curves
in second zone (τc > 10 fm), while they are quite far
in first zone (τc < 10 fm). Same qualitative pattern is
also noticed for T = 0.300 GeV in Fig. 5(c,d). From the
crossing of KSS line in Fig. 5, we can say that nearly per-
fect fluid nature can be obtained for two different values
of τc within τc < 10 fm zone at eB = 10m
2
pi, T = 0.150
GeV. We can denote them as τ∓c . The values of τ
−
c is
seen below 1 fm, so it might not be reached in RHIC
or LHC matter. So τ+c is more phenomenological point.
8Interestingly, we notice that τ+c remain τc > 10 fm zone
for T = 0.300 GeV. Hence, alternatively we can say that
to build nearly perfect fluid nature in higher temperature
quark matter, we need higher magnetic field if we want it
for τc < 10 fm zone. It is quite possible for RHIC or LHC
matter, having τc < 10 fm zone, where high magnetic
field decays with time and temperature. I means that as
we approach higher temperature, that matter can face
higher magnetic field in experiments. So there might be
a compensating role of temperature and magnetic field to
build nearly perfect fluid nature in RHIC or LHC matter.
V. SUMMARY
We have studied shear viscosity of quark matter in a
uniform magnetic field background, where the medium
looses its isotropic property. Due to this anisotropic na-
ture, one can get more than one components of shear vis-
cosity, denoted by η1, η2, η3 and η4, which are ultimately
reduced to two main components in strong field limit
through relations 4η1 = η2 and 2η3 = η4. We know that
isotropic shear viscosity η in absence of magnetic field
is mainly governed by two parts - the phase space and
the relaxation time. Here also η2 and η4 can be casted
into the similar structure with phase space and relax-
ation time parts. The relaxation time of η4 is inversely
proportional to synchrotron frequency ωB and relaxation
time of η2 is
Γc
(ωB)2
in strong field limit, where collisional
thermal width Γc of medium constituents will be much
smaller that its synchrotron frequency i.e. Γc << ωB.
Although, a large values of Γc is expected for strongly-
coupled RHIC or LHC matter. To describe that zone,
we need a general structure of η1,2,3,4, which don’t follow
the relations 4η1 = η2 and 2η3 = η4 below the strong
field domain.
We have used the formalism of NJL model in
presence of magnetic field to describe the magneto-
thermodynamics of quark matter and we get a temper-
ature and magnetic field dependent quark mass, which
will enter to the phase space factors of η1,2,3,4. In strong
field limits, all components decrease with B but in weak
field case, the Hall-type viscosities η3,4 increase with B.
Along with the constant value τc, we have also calcu-
lated T dependent of τc from simple contact diagram of
2 → 2 scattering processes, coming from the interaction
Lagrangian density of NJL model. Replacing T depen-
dent quark massMQ(T ) by T , eB dependent quark mass
MQ(T, eB), we have extended the expression of relax-
ation time from τc(T ) to τc(T, eB). Scattering probabil-
ity (Γc) proportionally increases with density of medium,
which increases with T due to statistical reason and de-
creases with eB due to mass enhancement. Hence, relax-
ation time τc(T, eB) decreases with T and increases with
eB. In absence of magnetic field, shear viscosity to en-
tropy density ratio decreases with T as it is proportional
to relaxation time but it increases with T in strong field
picture as it is inversely proportional to the relaxation
time. So, transition from without to with magnetic field
picture, T dependence of viscosity to entropy density ra-
tio transforms from decreasing to increasing trends.
In present work, we have calculated τc(T, eB) from
simplest contact diagram 2 → 2 scattering processes,
which provide a large τc, where eB = 10m
2
pi can safely
be considered as strong field case. However, to describe
RHIC or LHC matter with small τc, we have to consider
the general structure of η1,2,3,4 and better interaction pic-
ture, which can map strongly-coupled matter. We keep
this problem as our future goal, which definitely provide
an up-gradation of research on transport properties of
quark matter under external magnetic field.
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